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ADM system

Arnowitt—Deser—Misner 3 4+ 1 decomposition in vacuum: (lapse a; shift
b;; 3-metric h;;; extrinsic curvature k;;; spatial Ricci tensor R;;)

Ohij = —2aks; + 2D b)),

Orki; = a[Rij + kjkij — 2kyk] + b'Diky; + kyD;b' + ki Dib! — D; Dja,
R+ (KD)2 — kyk = 0,

Diky; — Dik?’ = 0

Rz’j = %hpq(apajhiq + 8iathj — apaqhij _ 8’i0thQ)
i hpths(rz.pr[‘qjs — qurl“ijs),
1

Liji = 5

0ig1j + 0j9i1 — 019i5)-

Ricci Tensor is difficult!
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ADM system

Arnowitt—Deser—Misner 3 + 1 decomposition in vacuum:

atkij — CL[Rij —+ kfk’m — kalké] -+ lelkz'j -+ kilebl + kljDibl — D@-Dja,
R! + (k!)? — ki k™ = 0, Hamiltonian const.

Ricci Tensor is difficult!
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BSSN: the Trace of £;;

The evolution equation for k = kll Is simple
(0y — b D))k = akPlk,, — D'Dja

(after Hamiltonian constraint was used to eliminate Ricci)

To separate evolution of k& from the system, introduce new variables

k = k::, Aij = kij — %hwk

Decompose the system accordingly...
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One more thing on the Trace of k;;
As it follows from the ADM system,

(0y — b' D))k = akPlk,, — D' Da.

Opp = * W

Question to ask: should the lapse be chosen wisely?

This can be compared to

D'Dja = akPk,,, (Opp = 0)
or

(8:—b'Dy)a = —a’k (879 = a®02¢+0y(arp?))
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BSSN variables

Motivation: we need a decomposition for h compatible with

: 1
k = k;, Aij = kij — §hmk

The new variables
@ = (1/12) In(det h) is the conformal factor;

hij = e *h;;, h'7 = e**h" are the conformal metric and its inverse;
k = kpqhP?, again, the trace of the extrinsic curvature;
A;; = e *¥ A;; the conformal analog of A;;, AY = e ¥ A",

fj — quapﬁqj, the contracted Christoffel symbol, follows from Ricci tensor
decomposition;

~

1
8]%']‘ = e_4¢[8hij — §hijhpqahpq].
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BSSN formulation

Solving AMD for ¢, k, h, A, 7 (both Hamiltonian and the momentum
constraints are used)

— Qaizij(?l(?up + %ﬁijﬁlﬁla] + ...

Oy — El(‘?l fz = —éa&;k + 187;8553 —+ hsi(‘?lé’ﬂ;s + ...
3 3

Plus )
(0; — b'0))a = —a’k

(here Ej = e~ *¥b; dots stand for terms vanishing in near-flat linearization)
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Constraints

The analog of momentum constraint

~ 2

The analog of Hamiltonian constraint

~ . ~ o~ . )
R; —8D'Dyp — 8(9'¢)(0igp) + 5k

An artificial constraint on fj

T; = hP%0,hy;.

— Typeset by Foil TEX —

— Aiinj = O;



Linearization around flat space

Space-time metric is a perturbation of the Minkowski metric:
a=1+a, b; =0 hij = dij + Vij, kij = Kij, @, Bi, Vij, kij = O(€)

Then (up to higher order in perturbations)

11,
Y =127
k:m::mg;

e~ =1-— %fyll and e =1+ %fyll;

hij = 855+ Vij — 30557} := 8ij + Vi
Aij = Aij = /iij — %&;jli;
;=T = 0"y
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Linearized BSSN

Evolution equations

Oy = —gk + $0°Bs;

Ok = —0'Ox;

0o = —K;

OYij = —2121@'3' + 20:85) — %5@'88535

0tAij = —%8@;%- + (9(7;Fj) — 2636990 — 25ij6’l85g0 — 8,L-8joz + %&jalala;
0L = —30ik + 50:0°8, + 0'9,53;;

Constraint equations:

P97, — 80'01p = 0, and/or O'T; — 89'O;p = 0;
8inj — %@k = 0;
L =09,
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Boundary conditions

Unconstrained evolution problem: Given 3, and a(0), ¢(0), ~(0), 7:;(0),
A;;(0), I';(0) plus BC solve for a, ¢, K, ¥i;, Aij, I'; for all times.

Boundary Conditions: (flat boundary)

0 y 0
A0 AT =0, Zkok =0,

Example: 4;; =0 and kK =0 or %Aij =0 and %lﬁ) = 0 or in combination.

Indeed, differentiating in time and using the we get
07 A = 81&14@-]-. Use to get 0;A4;;(0); retrieve 4 by integration.
Similarly, differentiating in time and using we get 02k = 9'O)k;
Ok (0) is calculated from , (0, a obtained by integration.

Alternatively, introduce compatible BC for 4;;, ¢, a by integration.
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Evolution of the constraints

Introduce 5
Mi — 8inj — §0Zk,

H1 = 0°097,, — 80" 0yp;
H2 = 0'T'; — 89'9,;

Notice, that 0, H1 = 8ij so if the momentum constraint is satisfied
(M; = 0) then H1 = 0 provided it is zero initially;

So, we need to check M; = 0.
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Evolution of M,

The propagation of the momentum constraint is given by
(‘9t2Mj = 8l81Mj

Notice that M;(0) = O for physical data. The value of 9;M;(0) can be
calculated from (E5) and (E2) as (is zero for physical data)

1 1
émwxm::?#&aym)—amym«ny+§@aWﬁyxm-—&%@¢m»::Q
If we can find a set of well-posed boundary conditions for the linearized

BSSN system that imply

gﬂ@@szO

then we are done!
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Constraint preserving boundary conditions | ™
Two sets of conditions:

—
n;

o o~
[e S_
X

Aijnimj — O, A@'jnilj — O, Aijmilj — O,
Ay (I —m'm?) =0, Ay 2n'n? =117 —m'm?) =0, k=0.
and
%Aijnimj = O, %A”nzlj = O, %Awmzlj = O,
LA —mimd) =0, ZA;2nnd — 11 —mim?) =0, Lk=0.
or a combination of two will work!

How to see it?

This technology uses directional derivatives, plane waves, equations

8._£.+al._|_i . aza_££+aa+a 8
LT o P o " Gnon olol T dmom’

on ol
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How to see it?
At each point of the boundary A can be spanned by an orthogonal basis

Al = Aijnimj, A2 = Aijnilj, A3 = Aijmiljv
A4 = Aw(l’blj — mimj), Ab = AZJ(QTLZTLJ — lzlj — mimj)

In terms of directional derivatives

MIZLM; = [32-Al + 5542 + 22 A5 — 5%;@]

1 10 0 30 0O

X [28m8nA1 + 5519742 + 2 A5 — 557505

+ 32 Al + 35 A3 — - A4 — —A5 — 3.0 g
1 10 0O o 0 o 0 3 0 0O
[Ea_ A1+2azanA3 amandd — 59 AD — S5 anFl

+ 2242+ 10 A3+ D A4 — Z A5 — 204

1 0 8 o 0 0 30 O _
X[5onanA2 + 5505 A3 + S Ad — 552 A5 — S50 k] = 07
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e Nonlinear analog;

e Non-homogeneous BC;
e Curved boundary;

e Sommerfeld type BC;

e Some calculations:
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